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Spontaneous pair production in a magnetic monepole field

I H Duruf
University of Trakya, Mathematics Department, Bdirne, Turkey

Received 28 April 1995

Abstract. Electrically charged s¢alar particle-antiparticie pair creation in the field of a magnetic
monopole is studied by path integrals. It is found that a magnetic charge g creates pairs with
charge e, with angular momentum ! < eg — % with the asimuthal component m = 0.

1. Introduction

The Coulomb field of a charge exceeding the value 137/2 spontaneousiy produces pairs
of particles and antiparticles [1]. A mathematical expianation is as follows. The state
functions describing the charge particles moving in the Coulomb field are given in terms of
the Whittaker functions Mg ,(p). Here the index K is always positive and the argument
© is proportional to the radial coordinate r. The second index which is important for our
discussion is given by u = /(I + %)2 — £2(? where ! is the angular momentum and @ is
the charge of the source. For the sepercritical sources, i becomes imaginary and we cannot
distinguish M, and its complex conjugate M , = Mg —,, on the basis of finiteness at the
origin. Thus for small values of the angular momentum we always have the mixture of two
solutions which are complex conjugates of each other. The magnitude of this mixture can
be found by imposing the condition that the solution should be finite for  going to infinity.
The unique solution satisfying this condition can be given in terms of the other Whittaker
function, W .. When we express Wy . in terms of My, and My ,, we find the relative
coefficient between these two functions which gives the pair-production amplitude.

In this work we investigate the possibility of electrically-charged pair production in the
field of a magnetic monopole. The situation is similar to the Coulomb case: we observe
that a magnetic monopole g always produces the charged pairs with angular momentom
constrained to the values (/ + 1)? < ¢?g2. We adopt the method of path integrations, which
has proved to be very convenient in pair production studies in cosmological backgrounds
as well as in general electromagnetic potentials [2—4].

2. The propagator

The propagator for a charged scalar particle of mass p coupled to the exterpal
electromagnetic field A, is given by [1] (with & = 1)

w0 H W
i i . i ‘e
G{xg, xp) = f dw e #'W f Dx exp [Z f duw(—* + a? + 4eA‘x._,):| (1)
0 0
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which can also be expressed in the phase space form as [4]
==} - W
G (Xa, X) = f dw e W f D*xD*pexp [1f dwi{pei +p-&+ pt —p* + eAJ'c):[ (2)
0 0

where the overdots stand for derivatives with respect to the ‘parameter time’ w. The above
path integral is understood as the usual graded formulation [3]

co Ly s ‘ ﬂ+| d4
G(Xa,}.'b) =j[; aw e-lﬂ nli{{!]o l—[f d ’x.f f (2 )4 exP[’POJ (IJ ‘tf—'f)

=0 j=1

+ip; - (x; — Tj-1) + 1ep0j - 1€‘pj + lé’Aj(JCj = xj-1)]

with
Xy = Xy Xp = Xnai W =(n+ e,

For the magnetic monopole g, located at the origin, A, can be expressed in terms of
spherical coordinates, as [k = ¢ = 1]

g(l—cos@)
Ay, = ——— .
rsin@ &)
Inserting this potential into (2) and adopting the spherical coordinates we have
o0 w
G (xq, x5) :f dWe-mzwa:Dpoexp [1] dw(pot + pg )]
0 0
Y : : . 2—1/4
% fDmDpexp [lf dw(prr + pob + po — p? — ge_rz"/_
0
2
e )
—————4-eg{l —cosd . 4
ety T o8 % @)

The terms 1/4r% and 1/4r%sin?6 are the usual ordering terms [S]. The form of the
interaction term suggests a translation of p, by p, —+ p, — eg(1 — cos8); which leads
to

[ -] X , w .
G(xy, Xn) =f dw e W thng exp [1] dw(pgt + p%)]
0 0

W X 2 _ 202 1
x/DmDpexp [1/ dw(p,r‘+p99+p,ﬂ¢.--pf— P —1/4
0

P+ 2eg(py — eg) cosb — 2eg(p, — €g) — 1/4)]
r2sin?@

r2

(5)

There are several recipes in the literature on the derivation of the ordering terms resulting
from the point canonical transformations in path integrals. Since we are not studying path
integral problems in the present paper, we will not discuss these recipes here. We are
merely interested in deriving the correct Green’s function for our problem. By writing the
covariant Schradinger equation in (x,, w), (¢ = 0, 1, 2, 3) *spacetime’ and performing the
transformations to the polar coordinates we can actually check that the ordering terms in
(5) are correct,

The trivial path integrals over DtDpy and DeDp, fix the values pp = E and

Po=m=0,1,2,.... Then the expression for the propagator reads
Glra )= [~ aw Y. [ SoeEtmdnt I 0 ) ®
0 m=—0g
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where
F(r,0; W) = (rIrlsin8, sing,)~1"2
W . 2 2202 1/4
X fDer,DGng exp [l[ dw(p,f’ + patf — pf - R‘—Emg—-/—
0
m? 4+ 2eg(m — eg)cosd — 2eg(m — eg) — 1/4)]
rsin® 6 '
The dynamics of the @ coordinate is of the Pdschl-Teller potential type and its exact solution
is known [6]:

r

)

F(r,8; W) = Pag(cos8a) Pag(cos 6) F(r; W). (8)
=0

Here, P,iﬁ(cos #) are the well known SU(2) matrix elements which are related to the Jacobi
functions. The indices are defined as

o=m=—eg p=eg. ©
F is the radial path integral given by
= w [+ 1/2)% — e?g? —1/4
F= fDer,exp[if dw (p,-t"—p,z-( +1/2) <8 1/ )] (10)

Fatb o r
whose solution is
1 _i 1 2 2 rﬂrb
— — — I, 2= 11

F=rw P [4W(r“ + r“)] v (2iw) an
where

y =+ +1/2)% - e2g?, (12)
After introducing {11) and (B) into (6) and performing the integration over dW we obtain

9E e
Gra, 1) = [ 560 3 Gaintra ) a3

Here, G gy, is the propagator for the mode E, [, m which (with r, > rp) is given by

e (VEEn)

1.
G £t (¥a, Xp) = &P %) PLo(cos 6,) Plg(cos 65)
4 Talo

xJ, (VE? = ulr,) (14)

where H]SZ) and J, are the Bessel functions.

3. Wavefunctions

Wavefunctions are the solutions of the Kiein—Gordon equation
(i3, — eA,)* ~ 11f (x) =0 (15)
with A, given by (3). In spherical coordinates the above equation is solved by
e-imgo

Flx) = e & -F,/! + 1/2P}4(cos O)R(r). (16)
¥/
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The radial wavefunction R is given either by

R.(r) = N>—1r-Hf,2> (\/EZ — mr) (7

7
or
1 -
Re(r)=Nezdy (VEE=32 ,,Lzr) (18)

which are regular at r —+ oo or at r — 0, respectively.
We normalize R, and R. on the timelike surfaces defined by constant r in the limit
r — oo and r — 0, respectively. From the requirements

R.(N3RI() o= 1 (19)
and

R ()8 RL(r) |;=0=1 (20}
we obtain

N, = ge-’*?ﬂ 21)
and

I
= —=D'({i7 + 1) (22)
ST JE

where

7 =iy =+/e2g? — (I + 1/2)2 (23)

4. The amplitude

The amplitude for detecting a particle and an antiparticle at the timelike surfaces r, and r,
is given by [2]

A:Aodeadeb

Here, do* is the element of the spherical surface with radius r and p is the radial direction
from the surface:

do® = r?dt dé sind do.

Ag 1s the vacuum persistence amplitude.
We insert (34) into (24) and use (17) and (18) for f(a) and f(&), respectively.
Integrations over dr and d at points @ and & give

Ea = -—-Eb =E (25)

> [ dof doy £(@) 3, £*(B) 31 G kas xp). (24)

ey

and

My = —mp = m. (26)
Integrals over d8, and dff, by the virtue of the orthonormality of Pa{ﬂ functions [7] give

la=l=1 oy =0p =0 Bu=Bp=B. 27)
Equation (26) and the condition on a’s in equation (27) imply

my = my =0. (28)
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Thus only the pairs with modes m = 0 are produced.
Taking into account the above considerations, the amplitude becomes

A= Z[dE AEim (29)
I

where Agy, is the amplitude for creation of a pair with quantum numbers E, —E;! and
m=1{
Ead -r
AEim = Ao5m ofy rb E:m(a) 3., ig,:_-m(b) 3r,u,GElm (rars)
= Apdn or ri[RIR; — (RIRSD,, + RIR;Y, ) + RERED, 0, 1G gt (rarp). (30)
Here G is the radial part of the propagator (14):

4«/_H(2} (\/ E? ~ Juzra) Jy (\/ E? — [.Lzrb) . Gn

For surfaces r, > ry the radial wavefunctions R, and Ry are given by (17) and (18)
respectively.

We want to evaluate the amplitude of equation (30) in r; = oo, rp — 0 limit. Two
cases are distinguished.

(1) For the real values of y, that is for { + % > eg, Ap, vanishes,

(ii) For the imaginary values of y, that is for / + % < eg the amplitude is non-zero

GEim(ra, 1p) =

f .
Agm = AQZ»\/— 5T 1)6?(eg — 1 = 1/2)p0. (32)
The probabilities for one and n pair production in the mode E,!, m are
= |Agin|* = 0(eg =1 = 1/2)| Ao*8p0(1 — ™27) = |Ao*e (33)
and
= |Ag|?w". (34)
After calculating |Ag|? from the conservation of probability we have
Py =0{eg — | — 1/2)8 00" (1 — w). (35)
The average number of pairs is
oo w )
i = Z_:HP,, = =0g—1- 1/2)8, 0(e™7 — 1). (36)

5, Conclusion

We found that in the field of a magnetic monopole g, pairs of electric charges ¢ are created
with total angular momenta
[ <eg—1/2 m = 0. (37}

The situation is very similar to the charged pair creation in the Coulomb field exceeding
Q=137/2.

For r — 0, the radial wavefunction describing the motion of an electrically-charged
particle in the field of magnetic monopole is Re = Jup(VE2—p?) o~ r¥¥2 For
y =0+ %)2 — ¢2g? real and positive (or negative), the positive (or negative) sign for
the index of the Bessel function is chosen to have finite solution at the origin. Thus for
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real ¥ we have a unigue solution. However, for imaginary values of ¥ we do not have any
physical criteria to distinguish between J, and J., = J7. Therefore, recalling the relation
between the Hankel and Bessel functions [8}
1 _
HP = . (Jye™F —J_)) (38)
for imaginary y’s one can establish a correlation between the states describing the particles
atr — oc and r = 0.
Wavefunctions describing the particles at r — 00 and r =~ 0 given by

. imp
2~ e-'E':’/T_”,/z T 172P(cosO)H? (\/152 — p.zr) 39)
. —imp
F o~ e"‘m%‘/l F1/2Pigcos0)d (/BT =) (40)
I
are related, for m = 0, as
F3u00) = = 1™ Fialo) ~ ) @1)

This means that for certain values of quantum numbers (ie. for (! + 1)> < e%g? and
m = 0) the particle states at r — oo are equal to the linear combination of the particle
and antiparticle states of » ~ 0. The asymptotic vacuum is equivalent to the vacuum at
the origin only, with the probability (e=7¥)? or the relative probability for the pair creation
given by (33)
w=1-—e
The magnitude of the elementary magnetic charge is eg = % [9] or eg = 1 [10]. Thus,
unlike the case of the Coulomb field for which a superheavy nucleus is required, to have
charged pair production large quantities of magnetic charges are not needed. If magnetic
monopoles exist in nature, an amount equal to twice the elementary value is enough to
create electrically-charged particles.

_2;;-};
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